In previous work on the quantum mechanics of an atom freely falling in a general curved background spacetime, the metric was taken to be sufficiently slowly varying on time scales relevant to atomic transitions that time derivatives of the metric in the vicinity of the atom could be neglected. However, when the time-dependence of the metric cannot be neglected, it was shown that the Hamiltonian used there was not Hermitian with respect to the conserved scalar product. This Hamiltonian was obtained directly from the Dirac equation in curved spacetime. This raises the paradox of how it is possible for this Hamiltonian to be non-hermitian. Here, we show that this non-hermiticity results from a time dependence of the position eigenstates that enter into the Schrödinger wave function, and we write the expression for the Hamiltonian that is Hermitian for a general metric when the time-dependence of the metric is not neglected.
I. INTRODUCTION
In [1] and [2] , a one-electron atom was investigated as a probe of the curvature of a general spacetime. If the curvature near the atom is sufficiently strong, then the spectrum of the atom can reveal properties of the Riemann tensor at the position of the atom. To calculate the shifts in the energy eigenvalues of the atom by means of perturbation theory, a conserved scalar product suitable to the Dirac equation in a general curved spacetime was defined in [1] . This scalar product was based on a generally covariant current introduced by Bargmann [3] in developing the theory of the curved-spacetime Dirac equation obtained by Schrödinger [4] . The Hamiltonian for the one-electron atom was found in [1] directly from the curved-spacetime Dirac equation. Assuming that the rate of change of the spacetime curvature in the vicinity of the atom was negligible relative to the transition rates associated with the atom, that Hamiltonian was found to be hermitian with respect to the conserved scalar product, and the shifts in the energy eigenvalues were obtained in terms of the Riemann tensor at the position of the atom.
In [1] , it was also found that if the time dependence of the metric can not be neglected, then the expression for the Hamiltonian coming directly from the curved-spacetime Dirac equation will violate hermiticity in a specific way. This raises the questions: Why does this non-hermiticity arise, and is there an hermitian Hamiltonian for a general curved spacetime having non-neglible time dependence?
Here, we show how to generalize the Hamiltonian of [1] so that it becomes exactly hermitian without neglecting the time-dependence of the metric. The key is to consider the Hilbert space structure of the quantum mechanics of the Dirac electron. We find that the problem with hermiticity that arises when the metric is varying with time results from a subtle time dependence of the basis states |x (i.e., the eigenstates of position). Once this subtlety is taken into account, we are able to obtain an expression for the Hamiltonian of the Dirac fermion that is exactly Hermitian in a general curved spacetime having an arbitrary space-and time-dependent metric.
The results found in [1] for the perturbed spectrum of the atom are not affected, but now it is possible to explore by means of perturbation theory in curved spacetime quantum mechanical effects on bound systems, such as molecules and atoms, that may result from significant time-dependence of the Riemann tensor. It would be interesting to determine if such effects could be observed.
II. HAMILTONIAN OF A SPIN-1/2 PARTICLE IN A CURVED BACKGROUND
The Dirac equation in curved spacetime is
where the γ µ (x) matrices are defined by
The covariant derivative of the spinor ψ(x) is
where Γ µ is the spinor affine connection. The spinor covariant derivative of γ ν (x) is
which must vanish so that the covariant derivative of the metric will be 0. A convenient representation of the matrices γ µ (x) is
where b a µ is the vierbein (often denoted by e a µ ) defined by g µν = b a µ b b ν η ab , and the γ a are the flat spacetime gamma-matrices, satisfying
We use the conventions that the metric in Minkowski space is η ab = diag(−1, 1, 1, 1) and therefore γ † 0 = −γ 0 and γ † i = γ i . The corresponding representation of the spinor affine connection Γ µ is
The ";" here acts on the vierbein as a curved-spacetime vector
Here, A µ is the electromagnetic vector potential. For the atom A µ is important, but in considering the Hermiticity of the Hamiltonian we can set A µ = 0 because it does not contribute to the non-Hermiticity. Therefore, in the following discussion, we will set A µ = 0.
It is possible to interpret ψ(x) as the wave function of a spin-1/2 particle moving in curved spacetime. In Dirac notation [7] , it is x|ψ . We will take a closer look at that later. The scalar product for the wave function is defined to be [1] ,
It is straightforward to rewrite the Dirac equation Eq. (1) in the form of a Shrödinger equation,
whereĤ is given byĤ
However, as mentioned in [1] , the Hamiltonian defined in this way is not hermitian when the metric explicitly depends on the time t. One finds that
In obtaining the 3rd equality we used Eq. (3), and to obtain the 4th and 5th equalities we used Eq. (4). In summary,
The right hand side of Eq. (12) is generally nonzero.
This apparent paradox concerning the non-hermiticity ofĤ in fact comes from the definition of ψ(x). It is defined as x|ψ (where x denotes the spatial coordinates). We must require that
where (φ, ψ) is the conserved scalar product defined in Eq. (8). It follows that the complete bases | x actually satisfies
Therefore, when √ −g depends on time, so does | x ≡ | x, t . As a result,
where H is the hermitian Hamiltonian in the Schrödinger dynamical picture in the abstract Hilbert space. It is the operator that satisfies
Note that the left-hand side of Eq. (15) is what appear on the left of Eq. (9). In other word, theĤ (defined in Eq. (10)), which is on the right-hand side of Eq. (9), is not quite the Hamiltonian in the Schrödinger or configuration-space representation when the metric depends on t.
Let us find the matrix elements x, t|H| x ′ , t . One can show from Eq. (14) that
Taking the conjugate, we have
Here we used the fact that γ 0 γ 0 (x) is Hermitian. It is then easy to see that the completeness relation of Eq. (14) is independent of time. We also have
So the Hamiltonian H satisfying the condition (ψ, Hφ) = (Hψ, φ) is
It thus follows that H is Hermitian (with the use of Eq. (12)) for a general metric. The matrix elements of H satisfy the relation
with H being the operator given in Eq. (20).
If we are dealing with a one-electron atom, the spinor affine connections will contain the vector potential of the electromagnetic field, but the derivation is unchanged. Let us consider the effect of the time dependence of the Riemann tensor on the spectrum of the atom. The Hamiltonian H of Eq. (20) reduces toĤ if the time dependence of the metric can be neglected, as was the case in [1] . For rapidly changing gravitational fields the additional term is needed to enforce Hermiticity.
In the Fermi normal coordinates along the geodesic of a bound system such as an atom, the difference, H −Ĥ, given by Eq. (20) must vanish on the geodesic because it involves only the first time-derivative of the curvature. Furthermore, for small distances from the geodesic, this difference, H −Ĥ, is not vanishing, but it is of higher order in a0 r (where a 0 is the atomic size and r is a characteristic length or time scale of the background spacetime) compared to the other terms in H. This can be seen by dimensional analysis from the HamiltonianĤ that is given in Fermi normal coordinates in [1] . Therefore, when a0 r ≪ 1 the difference between H andĤ can be neglected. Similarly, when a0 r ≪ 1, it is also possible to useĤ with time-dependent perturbation theory to calculate transition rates induced by the Riemann tensor along the path of the atom.
III. CONCLUSION

